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Enhancement of optomechanically induced sum sideband using parametric interactions
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We theoretically study radiation pressure induced generation of the frequency components at the
sum sideband in an optomechanical system containing an optical parametric amplifier (OPA). It
is shown that an OPA inside a cavity can considerably enhance the amplitude of sum sideband
even with low power input fields. We find a new matching condition for the upper sum sideband
generation. The height and width of the new peak can be adjusted by the nonlinear gain of the
OPA. Furthermore, the lower sum sideband generation can be enhanced with several orders of
magnitude by tuning the nonlinear gain parameter and the phase of the field pumping the OPA.
The enhanced sum sideband may have potential applications to the manipulation of light in a
on-chip optomechanical device and the sensitively sensing for precision measurement in the weak
optomechanical coupling regime.
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I. INTRODUCTION
In recent years, optomechanical systems [1–3] have
received considerable theoretical [4–9] and experimen-
tal [10–13] interest due to the potential applications
to the study of a range of topics such as gravita-
tional wave detection [14–16], tiny displacement measure-
ment [17, 18] and cooling of mechanical oscillators [19–
23]. Among these applications, optomechanically in-
duced transparency (OMIT) [10, 24–26] is a very inter-
esting phenomenon, which is an analog of electromagnet-
ically induced transparency. OMIT is a kind of induced
transparency caused by radiation pressure coupling of an
optical and a mechanical mode, where the anti-Stokes
scattering of an intense red-detuned optical control field
brings about a modification in the optical response of
the optomechanical cavity making it transparent in a
narrow bandwidth around the cavity resonance for a
probe beam. OMIT can be explained by the Heisenberg-
Langevin equations, which are nonlinear and very hard
to get an analytic solution. If the probe field is much
weaker than the control field, one can use the perturba-
tion method to get the prominent feature of optomechan-
ically induced transparency. Recently, nonlinear optome-
chanical dynamics have emerged as an interesting frontier
in cavity optomechanics [27–30]. This emerging subject
leads to a variety of high-order OMIT effects due to the
intrinsic nonlinear optomechanical interactions [31, 32],
such as photon-phonon polariton pairs [33] and sideband
generations [27, 34, 35]. In particular, OMIT with mul-
tiple probe fields driven has also been explored [36, 37].
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Generation of spectral components at sum (or difference)
sideband are demonstrated analytically, which may have
great potential in the precise measurement of parameters
and phonon number of optomechanical systems [38–41].
However, the sum sidebands are generally much weaker
than the probe signal and thus hard to be detected or
utilized. In view of the potential applications of sum
sideband generation, an interesting question is whether
one can easily amplify the sum sideband generation with
current experimental system parameters.
Very recently, the effects of an optical parametric am-
plifier (OPA) inside the cavity on the optomechanical
coupling [9, 42], the normal mode splitting [43], the cool-
ing of the mechanical mirror [44] and the realization of
strong mechanical squeezing [45] have been discussed,
which showed that increasing gain of the OPA enhances
the coupling between the movable mirror and the cavity
field. Furthermore, the effects of OPA on multipartite en-
tanglement [46], force sensing for a free particle [47], and
cooling in nonlinear optomechanical systems [48] have
been also discussed.
In present work, we consider the effect of OPA on
the sum sideband generation in a optomechanical sys-
tem which is coherently driven by a trichromatic input
field consisting of a control field and two probe fields.
It is shown that in the presence of OPA, compared to
that in a linear resonator, the amplitude of sum side-
band can be significantly enhanced even with low power
input fields. Interestingly, we find a new matching con-
dition for the upper sum sideband generation. With the
increasing nonlinear gain of the OPA, the linewidth of the
sum sideband window is broadened and the peak value
gets larger. To explain the physical interpretation of this
new matching condition, features of the mechanical oscil-
lation at sum sideband are also discussed. Furthermore,
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FIG. 1: Schematic diagram of an optomechanical system con-
taining an optical parametric amplifier. The system is driven
by a strong control field of frequence ωL and two relatively
weak probe laser of frequencies ω1 and ω2, respectively.
the lower sum sideband generation can be enhanced with
several orders of magnitude by tuning the nonlinear gain
parameter and the phase of the field pumping the OPA.
The enhanced sum sideband may be useful for the opti-
cal information processing and provides an effective way
to manipulate light in a solid state architecture. The
present proposal can also be applied to enhance the dif-
ference sideband generation.
The paper is organized as follows. In Sec. II,
we present the theoretical description of a hybrid op-
tomechanical system and give the derivation of the
Heisenberg-Langevin equation of motion in the presence
of the OPA. In Sec. III, we discuss the effect of the OPA
on the sum sideband generation and analyze the results
deeply. Finally, a conclusion is summarized in Sec. IV.
II. THEORETICAL MODEL
The model we consider is an optomechanical cavity
with a vibrating mirror, which contains an optical para-
metric amplifier, as shown in Fig.1. The movable mirror
is free to move along the cavity axis and is treated as
a quantum mechanical harmonic oscillator with effective
mass m, frequency Ωm, and energy decay rate Γm. A
strong pump laser of frequency ωL and two relatively
weak probe laser of frequencies ω1 and ω2 are applied
to the system. The Hamiltonian formulation of such a
optomechanical system reads
Hˆ = Hˆmech + Hˆopt + HˆOPA + Hˆcontrol + Hˆprobe, (1)
Hˆmech =
pˆ2
2m
+
1
2
mΩ2mxˆ
2,
Hˆopt = h¯ωcaˆ
†aˆ+ h¯Gaˆ†aˆxˆ,
HˆOPA = ih¯g(e
iθaˆ†2e−2iωLt − e−iθaˆ2e2iωLt),
Hˆcontrol = ih¯
√
ηcκǫL(aˆ
†e−iωLt − aˆeiωLt),
Hˆprobe = ih¯
√
ηcκ(ǫ1aˆ
†e−iω1t + ǫ2aˆ
†e−iω2t − h.c.),
where pˆ and xˆ describe the momentum and position of
the mechanical mode, aˆ (aˆ†) is the annihilation (creation)
operator of the cavity field with resonance frequency ωc.
The term h¯Gaˆ†aˆxˆ denotes the interaction between the
cavity field and the movable mirror, G is the the optome-
chanical coupling constant. HˆOPA describes the coupling
of the intracavity field with OPA, g is the nonlinear gain
of the OPA, which is proportional to the pump power
driving amplitude, θ is the phase of the field driving the
OPA. Hˆcontrol and Hˆprobe denote the driving fields with
the field amplitudes ǫk =
√
Pk/h¯ωk, (k = L, 1, 2), where
PL is the pump power and P1(2) is the power of the probe
field. κ is the total loss rate which contains an intrinsic
loss rate κ0 and an external loss rate κex. The coupling
parameter ηc = κex/(κ0+κex) which can be continuously
adjusted, is chosen to be the critical coupling 1/2 here.
The dynamics of the system is described by a set of
nonlinear Langevin equations. Since we are interested in
the mean response of the system to the probe field, we
write the Langevin equations for the mean values. In a
frame rotating at ωL with ∆ = ωL − ωc, δ1 = ω1 − ωL,
δ2 = ω2−ωL, the Heisenberg-Langevin equations can be
obtain as follows:
a˙ =
(
−κ
2
+ i∆
)
a− iGxa+ 2geiθa∗
+
√
ηcκ(ǫL + ǫ1e
−iδ1t + ǫ2e
−iδ2t), (2a)
m
(
d
dt2
+ Γm
d
dt
+Ω2m
)
x = −h¯Ga∗a, (2b)
where the operators are reduced to their expectation val-
ues, viz, a(t) ≡ 〈aˆ(t)〉 and x(t) ≡ 〈xˆ(t)〉, the mean-field
approximation by factorizing averages is used and the
quantum noise terms are dropped.
Under the assumption that the input coupling laser
field is much stronger than the probe field (ǫL ≫ ǫ1, ǫ2),
we can use the perturbation method to deal with Eq. (2).
The control field provides a steady-state solution (a¯, x¯)
of the system, while the probe field is treated as the per-
turbation of the steady state. The total solution of the
intracavity field and the mechanical displacement under
both the control field and probe field can be written as
a = a¯+ δa and x = x¯+ δx. The steady state solutions of
Eq. (2) can be obtained as
a¯ =
κ/2 + i∆′ + 2geiθ
κ2/4 + ∆′2 − 4g2
√
ηcκǫL, x¯ =
−h¯G|a¯|2
mΩ2m
, (3)
where ∆′ = ∆−Gx¯ is the effective detuning of the cav-
ity which includes the radiation pressure. Note that the
intra-cavity photon number |a¯|2 and the displacement of
mechanical oscillator x¯ exhibit strong dependence on the
magnitude of nonlinear gain g and the phase θ of the
OPA. Namely, the bistability of the system will be af-
fected by the parameters of the OPA. Figure 2 shows
the displacement x¯ varies with the power of the control
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FIG. 2: Mean displacement of the movable mirror as a func-
tion of the laser power PL for (a) different values of g with
θ = 0; and (b) different values of phase θ with g = 0.2κ.
The other parameters are m = 20 ng, G/2pi = −12 GHz/nm,
Γm/2pi = 41 kHz, κ/2pi = 15 MHz, Ωm/2pi = 51.8 MHz, and
∆ = −Ωm.
field by solving Eqs. (3) numerically. The parameters
m = 20 ng, G/2π = −12 GHz/nm, Γm/2π = 41 kHz,
κ/2π = 15 MHz, Ωm/2π = 51.8 MHz, and ∆ = −Ωm
are taken from a recent experiment [10]. The wavelength
of the control field is chosen to be 532 nm. Figure 2 (a)
shows the displacement x¯ as a function of laser power
PL with θ = 0 for g = 0, 0.2κ, 0.4κ, 0.6κ, respectively.
It can be seen that the mean displacement exhibits the
standard S-shaped bistability when g = 0. As the nonlin-
ear gain g increases, the system shows a transition from
bistability to tristability. Moreover, when g increases, a
lower threshold value of the laser power PL is needed to
observe the bistable behavior and the bistable region is
decreased. Next, we discuss the effect of the phase θ on
the bistable behavior. Figure 2 (b) shows the hysteresis
loop for the mean displacement of the mechanical oscil-
lator with g = 0.2κ for different phases. In particular,
when θ = π, the system shows tristability behavior.
Now we consider the perturbation made by the probe
field. The quantum Langevin equations for the fluctua-
tions are given by
δ˙a =
(
−κ
2
+ i∆′
)
δa− iG(a¯δx+ δxδa)
+ 2geiθδa∗ +
√
ηcκ(ǫ1e
−iδ1t + ǫ2e
−iδ2t), (4a)
Ψˆδx = −h¯G(a¯∗δa+ a¯δa∗ + δa∗δa), (4b)
where Ψˆ = m
(
d
dt2
+ Γm
d
dt
+Ω2m
)
. By neglecting the
nonlinear terms −iGδxδa and −h¯Gδa∗δa, these equa-
tions of motion can be solved analytically with the lin-
earized ansatz δa = a+1 e
−iδ1t + a−1 e
iδ1t + a+2 e
−iδ2t +
a−2 e
iδ2t, δx = x1e
−iδ1t + x∗1e
iδ1t + x2e
−iδ2t + x∗2e
iδ2t,
where second- and higher-order nonlinear terms are ig-
nored. While such linearized dynamics can explain many
phenomena arise in cavity optomechanics, the nonlin-
ear terms −iGδxδa and −h¯Gδa∗δa must be taken into
account for the discussion of sum sideband generation,
which is out of the frequency space of linearized dynam-
ics. To calculate the amplitudes of the sum sidebands,
we assume that the fluctuation terms δa and δx have the
following forms [10, 37]:
δa =a+1 e
−iδ1t + a−1 e
iδ1t + a+2 e
−iδ2t + a−2 e
iδ2t
+ a+s e
−iΩ+t + a−s e
iΩ+t (5a)
δx =x1e
−iδ1t + x∗1e
iδ1t + x2e
−iδ2t + x∗2e
iδ2t
+ xse
−iΩ+t + x∗se
iΩ+t (5b)
where Ω+ = δ1+δ2. Here we only focus on the first order
sideband and sum sideband process, and thus the higher
order sidebands in Eqs. (5) are ignored. Substituting
Eq. (5) into Eq. (4), we obtain nine algebra equations
which can be divided into two groups. The first group
describes the linear response of the probe field,
α(−δ1)a+1 = −iGa¯x1 + 2geiθa−∗1 +
√
ηcκǫ1 (6a)
α(δ1)a
−
1 = −iGa¯x∗1 + 2geiθa+∗1 (6b)
σ(δ1)x1 = −h¯G(a¯∗a+1 + a¯a−∗1 ) (6c)
α(−δ2)a+2 = −iGa¯x2 + 2geiθa−∗2 +
√
ηcκǫ2 (6d)
α(δ2)a
−
2 = −iGa¯x∗2 + 2geiθa+∗2 (6e)
σ(δ2)x2 = −h¯G(a¯∗a+2 + a¯a−∗2 ) (6f)
while the second group corresponds to the sum sideband
process,
α(−Ω+)a+s = −iGa¯xs + 2geiθa−∗s − iG(a+2 x1 + a+1 x2)
(7a)
α(Ω+)a
−
s = −iGa¯x∗s + 2geiθa+∗s − iG(a−2 x∗1 + a−1 x∗2)
(7b)
σ(Ω+)xs = −h¯G(a¯∗a+s + a¯a−∗s + a+1 a−∗2 + a−∗1 a+2 ) (7c)
where α(y) = κ/2− i∆′+ iy, σ(y) = m(Ω2m− iΓmy−y2),
β = ih¯G2|a¯|2 = −iGmΩ2mx¯, τ(y) = σ(y) + β/α(y)∗. The
solution to these Eqs. (6), (7) can be obtained as follows:
a+j =
α(δj)
∗τ(δj)
α(δj)∗[α(−δj)τ(δj)− β]− Ξ(δj)
√
ηcκǫj ,
xj =
−h¯G(a¯∗α(δj)∗ + 2ge−iθa¯)
α(δj)∗τ(δj)
a+j ,
a−j =
ih¯G2a¯2 + 2geiθσ(δj)
−h¯G[a¯α(δj) + 2geiθa¯∗]x
∗
j , (j = 1, 2) (8)
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FIG. 3: Efficiencies (in logarithmic form) of (a) upper sum sideband generation and (b) lower sum sideband generation versus
the frequency of the first probe field δ1 with PL = 20µW, P1 = P2 = 1µW, δ2 = −0.05Ωm, θ = 0. The calculation results of
(c) Log10η
+
s and (d) Log10η
−
s vary with δ1 and θ with g = 0.3κ. The other parameters are the same as Fig. 2.
a+s =
iG[h¯Ga¯α(Ω+)
∗ξs − (a
+
2 x1 + a
+
1 x2)α(Ω+)
∗τ (Ω+) + Θ]
α(Ω+)∗[α(−Ω+)τ (Ω+)− β]− Ξ(Ω+)
,
(9)
xs =
−h¯G ([a¯∗α(Ω+)∗ + 2ga¯e−iθ]a+s + α(Ω+)∗ξs)
α(Ω+)∗τ(Ω+)
,
(10)
a−s =
−iG(a¯x∗s + a−1 x∗2 + a−2 x∗1) + 2geiθa+∗s
α(Ω+)
, (11)
where Ξ(y) = 4g2σ(y) + 2ih¯G2g(a¯2e−iθ − a¯∗2eiθ), ξs =
a+1 a
−∗
2 + a
−∗
1 a
+
2 + iGa¯(a
−∗
1 x2 + a
−∗
2 x1)/α(Ω+)
∗, Θ =
2geiθ[σ(Ω+)(a
−∗
1 x2 + a
−∗
2 x1) − h¯Ga¯∗(a+1 a−∗2 + a−∗1 a+2 )].
We can see that the amplitudes of sum sideband a±s shows
a strong dependence on the nonlinear gain g and the
phase θ of the OPA.
By using the standard input-output relations, i.e.,
aout = ain − √ηcκa, we obtain the output fields (in a
frame rotating at ωL) of this system as follows:
aout = ǫL −√ηcκa¯+ (ǫ1 −√ηcκa+1 )e−iδ1t
+ (ǫ2 −√ηcκa+2 )e−iδ2t −
√
ηcκa
−
1 e
iδ1t
−√ηcκa−2 eiδ2t −
√
ηcκa
+
s e
−iΩ+t −√ηcκa−s eiΩ+t. (12)
The term ǫL − √ηcκa¯ denotes the output with pump
frequency ωL, while the terms −√ηcκa−j eiδjt and (ǫj −√
ηcκa
+
j )e
−iδjt (j = 1, 2) describe the Stokes and
anti-Stokes fields, respectively. Moreover, the terms
−√ηcκa+s and −
√
ηcκa
−
s , describing the output with fre-
quencies ωL±Ω+, are related to the upper and lower sum
sidebands respectively.
III. RESULTS AND DISCUSSION
Here, we only consider sum sidebands, then the effi-
ciency of the upper and lower sum sideband can be de-
fine as η+s = | −
√
ηcκa
+
s /ǫ1| and η−s = | −
√
ηcκa
−
s /ǫ1|
respectively, which are the ratio between amplitudes of
the sum sideband and the first probe field, and thus di-
mensionless. In the previous work [37], it is shown that
the efficiencies of sum sideband generation exhibit peak
structure for some specific values of δ1 and δ2. The spe-
cific values of δ1 (δ2) corresponding to these peaks are
called as the matching conditions.
To illustrate the remarkable influence of the OPA on
sum sideband generation, the efficiencies (in logarithmic
form) of upper and lower sum sideband generation as a
function of the frequency of the first probe field δ1 are
shown in Fig. 3. We can clearly see that the efficiencies
of sum sidebands can be significantly enhanced by the
OPA. Under the weak driving field, the power of the con-
trol field PL = 20µW, the probe fields P1 = P2 = 1µW,
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FIG. 4: Efficiencies (in logarithmic form) of (a) upper sum
sideband generation and (b) lower sum sideband generation
versus δ1 and δ2 with PL = 20µW, P1 = P2 = 1µW, g = 0.3κ,
θ = 0. The other parameters are the same as Fig. 2.
the frequency of the second probe field δ2 = −0.05Ωm,
and the phase of the OPA θ = 0. As shown in Fig. 3 (a),
the efficiency (in logarithmic form) of upper sum side-
band Log10η
+
s has only a peak in the parameter range
0.95Ωm < δ1 < 1.1Ωm in the absence of the OPA, viz
g = 0. When g 6= 0, a new peak appears at δ1 = 1.05Ωm.
Therefore, the matching condition for Log10η
+
s can be
modified to δ1 = Ωm and δ1 + δ2 = Ωm, which is differ-
ent from the case without OPA [37]. Furthermore, the
efficiency Log10η
+
s gets larger and the linewidth widens
monotonically with increasing the nonlinear gain g of the
OPA . To be more specific, for g = 0.4κ, the efficiency
η+s can reach about 1% at δ1 = 1.05Ωm, which is ap-
proximately 50 times larger than the case without OPA.
Compared with η+s , the efficiency of lower sum sideband
η−s is enhanced more significantly in the presence of the
OPA than that in a linear optomechanical system. In
Fig. 3(b), We show the efficiency Log10η
−
s under differ-
ent strengths g. In the absence of the OPA, obviously, we
find that the efficiency of lower sum sideband generation
η−s is very small (about 3 × 10−4% at δ1 = Ωm) due to
the weak optomechanical nonlinearity. When the OPA
is considered in the optomechanical system, as expected,
the efficiency of lower sum sideband generation obviously
increases and the maximum values of η−s is about 0.1%
corresponding to the nonlinear gain strength g = 0.1κ
and the detuning δ1 = Ωm. More importantly, we find
that the linewidth of the efficiency Log10η
±
s broadens
with the increasing strength g. The reason is that the
linewidth of the OMIT window is related to the intracav-
ity photon number [1, 10], viz Γ = Γm+(2Gxzpf )
2|a¯|2/κ,
where xzpf ≡
√
h¯/2mΩm is the zero-point fluctuations of
the mechanical mode. From Eqs. (3), we can see that the
OPA significantly increases the intracavity photon num-
ber, and thus broadens the linewidth of the efficiency
Log10η
±
s .
Next, we discuss the effect of the phase θ on the ef-
ficiencies of sum sideband generation. In Fig. 3(c) and
(d), the efficiencies of upper and lower sum sideband as a
function of detuning δ1 and phase θ of the OPA are plot-
ted respectively. We can see that the efficiencies of the
sum sideband are sensitive to the variation of the phase
of the OPA. Specifically, when δ1 ∈ [1.05Ωm, 1.2Ωm], the
effect of the phase θ on the efficiencies of sum sideband
becomes more obviously.
In the presence of the OPA, we can see that there is a
new peak appearing in Fig.3(a), which means that there
is a new matching condition for Log10η
+
s achieving the
maximum value. In order to see this more clearly, calcu-
lation result of efficiency (in logarithmic form) of upper
sum sideband generation as functions of both δ1 and δ2
is shown in Fig.4(a), where the efficiency of upper sum
sideband generation exhibits peak structure for some spe-
cific values of δ1 and δ2. From fig. 4, one can identify
the matching conditions for upper and lower sum side-
band generation. As is shown in previous work [37], the
upper sum sideband is enhanced when δ1 → ±Ωm and
δ2 → ±Ωm. By considering the effect of OPA, there are
two new matching conditons for upper sum sideband gen-
eration achieving the maximum, namely, δ1+ δ2 = ±Ωm.
Furthermore, the efficiency of upper sum sideband gener-
ation is enhanced more significantly when δ1 + δ2 = Ωm
than the case of δ1 + δ2 = −Ωm. For the case of lower
sum-sideband generation in Fig. 4(b), the matching con-
ditions are the same as that of upper sum sideband. The
peak values of the lower sum sideband are enhanced for
several orders of magnitude under the influence of the
OPA.
The physical interpretation of the new matching con-
dition for sum sideband generation relies on the features
of the mechanical oscillation at the sum sideband. Fig. 5
plots the amplitude of the mechanical oscillation at the
sum sideband as a function of the detuning δ1 and δ2.
It is shown that xs becomes remarkable on the lines
δ1 + δ2 = ±Ωm, which are slightly different from the
case without OPA. In the absence of OPA [37], xs can
be reinforced on the line δ1+ δ2 = Ωm and at four points
(δ1, δ2) = (0,±Ωm) and (±Ωm, 0). Furthermore, the am-
plitude of the mechanical oscillation at the sum sideband
is enhanced more significantly on the line δ1 + δ2 = Ωm
than the case of δ1 + δ2 = −Ωm, especially in the region
around points (δ1, δ2) = (0,Ωm) and (Ωm, 0).
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FIG. 5: The amplitude of the mechanical oscillation at the
sum sideband in unit of femtometer varies with δ1 and δ2.
The parameters are the same as Fig. 4.
IV. CONCLUSION
In conclusion, we investigate the effect of OPA on the
sum sideband in an optomechanical system with double
probe fields driven. In such a resonator, increasing gain of
the OPA can considerably enhance the coupling between
the movable mirror and the cavity field. It is shown that
the sum sideband can be largely enhanced in the present
of the OPA. Here we find a new matching condition for
the upper sum sideband. Moreover, the lower sum side-
band can be enhanced with several orders of magnitude
by tuning the nonlinear gain and the phase of the OPA.
These results are helpful to better understand the prop-
agation of light in nonlinear optomechanical devices and
provides potential applications to the precision measure-
ment and optical communications.
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